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SMALL MODELS OF GRAPH COLOURING MANIFOLDS
AND THE STIEFEL MANIFOLDS Hom(C5,Kn)
CARSTEN SCHULTZ
Abstrat. We show Péter Csorba's onjeture that the graph homomorphism
omplex Hom(C5,Kn+2) is homeomorphi to a Stiefel manifold, the spae of
unit tangent vetors to the n -dimensional sphere. For this a general tool
is developed that allows to replae the omplexes Hom(G,Kn) by smaller
omplexes that are homeomorphi to them whenever G is a graph for whih
those omplexes are manifolds. The equivariant version of Csorba's onjeture
is proved up to homotopy.
We also study ertain subdivisions of simpliial manifolds that are related
to the interval poset of their fae posets and their onnetion with geometri
approximations to diagonal maps.
1. Introdution
The study of properties of graphs, espeially their hromati number, through topo-
logial spaes assoiated to the graphs began with Lovász' proof of Kneser's on-
jeture [Lov78℄. Reently the fous has shifted to the homomorphism omplex
Hom(G,H) assoiated to two graphs G and H , see [BK06a℄. It is a ell omplex
whose verties are the graph homomorphisms from G to H and whose topology
aptures the way in whih homomorphisms an be transformed into eah other by
loal hanges; its ells orrespond to multi-homomorphisms from G to H , fun-
tions whih assign to every vertex of G a set of verties of H suh that every
hoie funtion for it is a homomorphism, see Denition 2.4. In partiular Babson
and Kozlov have proved a onjeture of Lovász that states that if for a graph G
and an r ≥ 1 the omplex Hom(C2r+1, G) is (n − 1)-onneted then G is not
(n + 2)-olourable [BK06b, Sh05℄. The proof uses the funtoriality of Hom and
topologial properties of the omplexes Hom(C2r+1,Kn+2).
Despite these advanes, the homotopy or homeomorphism types of very few of the
omplexes Hom(G,H) are known, even in the ase where H is a omplete graph
and graph homomorphisms beome olourings. The ohomology groups of the
spaes Hom(Cm,Kn+2) have been alulated in [Koz05a℄. Susequent to this and
the urrent work it has been established in [Sh06℄ that the olimit of a diagram
of all Hom(Cm,Kn+2) with even m is homotopy equivalent to the free loop spae
of Sn while the olimit over all odd m is homotopy equivalent to the spae of
all loops in Sn whih are equivariant with repset to the antipodal ations on S1
and Sn .
Among the spaes Hom(Cm,Kn+2), the spaes Hom(C5,Kn+2) are speial, beause
they are manifolds. Spaes Hom(G,Kn) whih are manifolds, graph olouring man-
ifolds, have been studied by Csorba and Lutz [CL05℄. Based on ohomology and
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index alulations, Péter Csorba has onjetured that Hom(C5,Kn+2) is homeo-
morphi to the Stiefel manifold of orthonormal 2-frames in Rn+1 [Cso05, Conj. 4.8℄.
A proof of this is the main result of this artile.
Theorem (5.2). Let n ≥ 0. Then there is a homeomorphism
(1) Hom(C5,Kn+2) ≈ {(x, y) ∈ S
n × Sn : 〈x, y〉 = 0} .
The ase n = 0 , Hom(C5,K2) = Ø, is trivial, sine C5 admits no 2-olouring.
The ase n = 1 , Hom(C5,K3) ≈ S
1 × S0 , is easily heked. The ases n = 2
and n = 3 are proved in [CL05℄, Hom(C5,K4) ≈ RP
3
by diret onstrution, and
Hom(C5,K5) ≈ S
3 × S2 by a one week omputer alulation.
Our proof onsists of two distint parts, and this artile is strutured aordingly.
The rst part onsists of nding a smaller model for Hom(C5,Kn+2) and is pre-
sented in Setion 3. If I is a set of verties of a graph G, then one an dene a
omplex HomI(G,H) that is derived from Hom(G,H) by identifying graph ho-
momorphisms that dier only on verties in I . If I is an independent set of ver-
ties, then HomI(G,H) is homotopy equivalent to Hom(G,H). This has rst been
proved and used in [Cso05, Se. 2.8℄. We show that for graph olouring manifolds
it does indeed yield homeomorphi omplexes.
Lemma (3.9, 3.12). Let G be a graph and I an independent set of verties of G. If
Hom(G,Kn) is a manifold for all n, then Hom(G,Kn) ≈ HomI(G,Kn) for all n.
We hope that this result will nd further appliations. At least the fat alone
that HomI(G,H) is a omplex with a smaller number of verties than Hom(G,H)
should make the determination of the homeomorphism types of more graph olour-
ing manifolds aessible to omputer alulations just Péter Csorba has used the
homotopy equivalene of Hom(G,H) and HomI(G,H) to, among other things,
simplify omputer alulations of ohomology groups of homomorphism omplexes.
In the urrent work, however, this onstrution is used to expose the struture of
Hom(C5,Kn+2).
Let I be a maximal independent set of verties of C5 . Removing it from C5 leaves
us with an edge and an isolated vertex. The olourings of the edge give rise to
an n-sphere, sine Hom(K2,Kn+2) ≈ S
n
. Similarly the olourings of the isolated
vertex together with the information that this vertex is not isolated in C5 give
rise to another n-sphere. It follows that HomI(C5,Kn+2) an be identied with a
subspae of Sn×Sn . It is not the full spae Sn×Sn , sine not every multi-olouring
of the edge and the isolated vertex an be extended to C5 ; the edge and the isolated
vertex annot be regarded seperately but interat via the verties in I . It turns out
that HomI(C5,Kn+2) is the ommon boundary of regular neighbourhoods of two
subspaes of Sn × Sn , eah orresponding to an element of I . These subspaes are
ambiently isotopi to the subspaes {(x, x) : x ∈ Sn} and {(x,−x) : x ∈ Sn}, whih
determines HomI(C5,Kn+2) up to homeomorphism and proves the Theorem. The
relevant subdivisions of the spheres and onstrutions of regular neighbourhoods are
examples of general onstrutions that an be arried out for any pl-triangulation
of a manifold, the triangulation being the boundary of an (n + 1)-simplex in the
ase of HomI(C5,Kn+2). These onstrutions are arried out in Setion 4.
Setion 5 puts together the results from the two preeding setions. In it we also
onsider Csorba's stronger onjeture, also stated in [Cso05℄, that the homeomor-
phism of (1) an be hosen in suh a way that it transports the involution on
Hom(C5,Kn+2) that appears in the Theorem of Babson and Kozlov mentioned
above to the involution (x, y) 7→ (x,−y) on Sn × Sn . Our urrent approah yields
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only a proof of a homotopy version of this onjeture, the omplete onjeture
remains open.
Aknowledgements. I would like to thank Péter Csorba for omments on a draft
of this work. These helped to larify some points and lead to the inlusion of the
part on the involution on Hom(C5,Kn+2).
2. Preliminaries
We ollet some denitions, notations and results that we will need.
Posets and ellular omplexes. For a partially ordered set, or poset, P , we
denote by ∆P its order omplex, the simpliial omplex with vertex set P that
onsists of all hains in P . A monotone (or antitone) map f : P → Q between
posets indues a simpliial map ∆f : ∆P → ∆Q . All ell omplexes are assumed to
be regular. For a ell omplex C we denote its fae poset by FC and its underlying
spae by |C| . Thus ∆(FC) is the baryentri subdivision of the omplex C and
|∆(FC)| ≈ |C| . If C and D are ell omplexes, then C × D denotes the ell
omplex whose fae poset is isomorphi to FC×FD , even if C and D are simpliial
omplexes. Sine most of our simpliial omplexes are order omplexes, we have no
need for a notation for the simpliial omplex that is their produt, ∆(P × Q) is
the usual simpliial subdivision of the ell omplex ∆P ×∆Q . Our preferred way
to onstrut homotopies between maps between order omplexes is the following
speial ase of [Seg68, Prop. 2.1℄, whih we will use without iting it.
2.1. Lemma. Let P , Q be posets. If f, g : P → Q are order preserving funtions
suh that f(p) ≤ g(p) for all p ∈ P , then the maps ∆f,∆g : ∆P → ∆Q are
homotopi.
Proof. The map H : {0, 1} × P → Q dened by H(0, x) := f(x), H(1, x) := g(x)
is order preserving and hene yields the desired homotopy
I ×∆P ≈ ∆({0, 1} × P )
∆H
−−−→ ∆Q,
where we view {0, 1} as a poset. 
For a poset P its dual poset P o is the poset with the same elements but the order
reversed. When onsidering p ∈ P as an element of P o we write it as po . Thus
p 7→ po is an antitone bijetion P → P o .
For a ell c , its dimension is denoted by |c| , the ardinality of a set M is written
as #M . When identifying a simplex σ with the set of its verties we thus have
|σ| = #σ − 1 .
Graphs and graph omplexes. All Graphs that we onsider are nite, simple,
and without loops. The vertex set of a graph G is denoted by V (G), and for
S ⊂ V (G) the set of all ommon neighbours of the elements of S is denoted by ν(S).
A graph homomorphism from G to H is a funtion f : V (G)→ V (H) that respets
the edge relation, i.e. suh that f [ν({v})] ⊂ ν({f(v)}) for all v ∈ V (G).
2.2. Denition. For a graph G we denote by ind(G) the poset of all independent
subsets of V (G), inluding the empty set, ordered by inlusion. By Ind(G) we
denote the independene omplex of G, i.e. the simpliial omplex with vertex
set V (G) and simplies the independent subsets of V (G).
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2.3. Denition. Let G, H be graphs. A multi-homomorphism from G to H is
a funtion ϕ : V (G) → P(V (H))\ {Ø} suh that every funtion f : V (G) → V (H)
with f(v) ∈ ϕ(v) for all v ∈ V (G) is a graph homomorphism.
2.4. Denition. Let G, H be graphs. A funtion ϕ : V (G)→ P(V (H))\ {Ø} an
be identied with a ell of the ell omplex∏
v∈V (G)
∆#V (H)−1.
The subomplex of all ells indexed by multi-homomorphisms is denoted by
Hom(G,H). We identify elements of F Hom(G,H) with the orresponding multi-
homomorphisms. If f : G′ → G, g : H → H ′ are graph homomorphisms, then there
is an indued monotone map
F Hom(f, g) : F Hom(G,H)→ F Hom(G′, H ′),
(F Hom(f, g))(ϕ)(v) := g[ϕ(f(v))]
and hene a ontinous map
|Hom(f, g)| → |Hom(G,H)| → |Hom(G′, H ′)|.
The above onstrutions are funtorial. Details an be found in [BK06a℄.
2.5. Notation. Let n ∈ N . Pn denotes that path with n edges on the vertex set
{0, . . . , n}. Kn denotes the omplete graph on n verties with vertex set {1, . . . , n}.
Cn is the yle of length n with vertex set {1, . . . , n}.
Pieewise linear topology.
2.6. Denition. Let Y be a simpliial omplex and X a subomplex of Y . The
subomplex
N := {σ ∈ Y : There is a τ ∈ X with σ ∪ τ ∈ Y }
of Y is alled the simpliial neighbourhood of X in Y and
N˙ := {σ ∈ N : σ ∩ τ = Ø for all τ ∈ X }
is alled the simpliial neighbourhood boundary. We also all the pair (N, N˙) the
simpliial neighbourhood.
We will need the following form of the Simpliial Neighbourhood Theorem [RS82,
3.11℄.
2.7. Theorem. Let M be a pl-triangulated ompat manifold, X a full subomplex
of M , and (N, N˙) the simpliial neighbourhood of X in M . If (N, N˙) is a manifold
with boundary, then N is a regular neighbourhood of X in M .
3. Restrition maps of Hom-omplexes
Given graphs G and H and an independent subset I of V (G) there is a subom-
plex of Hom(G\I,H) whih is homotopy equivalent to Hom(G,H). The use of
this smaller omplex in the study of the homotopy type of Hom(G,H) has been
introdued in [Cso05, Se. 2.8℄. The same idea has been impliitly used in [Sh05℄
to study the omplexes Hom(C2r+1,Kn+2).
In Lemma 3.5 we give a riterion that allows us to detet ases in whih the two
spaes are atually homeomorphi. We will use this to study Hom(C5,Kn+2).
We round o the investigation by showing that the appliability of the Lemma to C5
is not inidental but a onsequene of the fat that Hom(C5,Kn) is a manifold.
For the results on Hom(C5,Kn+2), only Denition 3.1, Lemma 3.5, and
Example 3.8 will be needed from this setion.
SMALL MODELS OF GRAPH COLOURING MANIFOLDS AND Hom(C5,Kn) 5
Homotopy equivalenes. We reall the denition of HomS(G,H) from [Cso05℄.
The proofs and examples given here are for expository purposes only. Neither are
they needed for the homeomorphism results we present afterwards, nor do we laim
any originality here, exept perhaps for the point of view desribed in Example 3.4.
3.1. Proposition and Denition ([Cso05℄). Let G, H be graphs and S ( V (G).
Let i : G\S → G denote the inlusion of the subgraph indued on the omplement
of S . We onsider the ontinuous map
Hom(i,H) : Hom(G,H)→ Hom(G\S,H)
and denote its image by HomS(G,H).
(i) The map Hom(i,H) is ellular and HomS(G,H) is a subomplex of the
ell-omplex Hom(G\S,H).
(ii) If S is independent, then HomS(G,H) onsists of all ells
of Hom(G\S,H) indexed by multihomomorphisms ϕ with
ν
(⋃
u∈ν({v}) ϕ(u)
)
6= Ø for all v ∈ S .
(iii) If S is independent, then the map
Hom(G,H)→ HomS(G,H)
indued by Hom(i,H) is a homotopy equivalene.
Proof. The rst two laims are obvious. Let us denote the inlusion S → G by j .
Then
(F Hom(i,H), F Hom(j,H)) : F Hom(G,H)→ F Hom(G\S,H)× F Hom(S,H)
is an embedding. If S is independent, then the image of this embedding is
{(ϕ, ρ) ∈ imF Hom(i,H)× F Hom(S,H) : ρ ≤ a(ϕ)}
where a is the antitone map imF Hom(i,H)→ F Hom(S,H) given by
a(ϕ)(v) := ν

 ⋃
u∈ν({v})
ϕ(u)

 .
The result follows from Lemma 4.3 
We illustrate the Proposition by deriving two well-known fats from it.
3.2. Example. Let H be a graph, T be a tree with at least three verties and v a
leaf of T . Sine any multihomomorphism from T \ {v} an be extended to one from
T by mapping v to one of the verties assigned to one of the neighbours in T \ {v} of
the neighbour of v , the restrition map Hom(T,H)→ Hom(T \ {v} , H) is surjetive
and hene a homotopy equivalene. By indution any inlusion i : K2 → T of a an
edge in a tree indues a homotopy equivalene Hom(T,H) ≃ Hom(K2, H). This
example generalizes to folds in the rst parameter of Hom, see [Koz05b℄ for this
onept.
3.3. Example. Hom(K2, H) is one of the onstrutions alled the box omplex of
H , while Hom(K1, H) is just the full simplex on the verties of H . Considering an
inlusion i : K1 → K2 , the image of the map Hom(i,H) onsists of the simplies
orresponding to sets A ⊂ V (H) with ν(A) 6= Ø. This is the neighbourhood omplex
of H introdued in [Lov78℄. Thus the box omplex is homotopy equivalent to the
neighbourhood omplex. This example also appears in [Cso05℄. For omparison of
several graph omplexes also see [MZ, CLSW04, Cso04, iv05℄.
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{1} {2} {3}
{1, 2}
OO ;;wwwwwwwww
{1, 3}
ccHHHHHHHHH
;;wwwwwwwww
{2, 3}
ccHHHHHHHHH
OO
Figure 1.
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Figure 2.
We look more losely at Hom(P2,Kn+2). This will give us an opportunity to
introdue some ideas that an be generalised, but are not needed for the remainder
of this artile.
3.4. Example. The relevant inlusions related to maximal independent subsets
of P2 are j : K1 ∼= {1} → P2 and k : P2\ {1} → P2 . For M ⊂ V (Kn+2),
M 6= Ø, we dene XM := {ϕ ∈ F Hom(P2,Kn+2) : ϕ(1) =M} and YM :=
{ϕ ◦ k : ϕ ∈ XM}. The sets ∆(Y{u}), u ∈ V (Kn+2) over imHom(k,Kn+2),
and YM ∩ YN = YM∪N for all M,N . Also YV (Kn+2) = Ø. So, if we dene
the poset Q := P(V (Kn+2))\ {Ø, V (Kn+2)} ordered by reverse inlusion, then
Y is a diagram of spaes over Q , where the maps are given by inlusion, and
Hom{1}(P2,Kn+2) ≈ colimY . For the example n = 1 the poset Q and the
diagram Y are shown in Figure 1 and Figure 2, and Hom{1}(P2,K3) is depited
in Figure 3. On the other hand Hom(P2,Kn+2), whih is shown in Figure 4, an
be seen to be homeomorphi to hcolimY , and Hom(k,Kn+2) orresponds to the
natural map from hcolimY to colimY whih is a homotopy equivalene by the
Projetion Lemma, sine Y is a free diagram beause of its onstrution from a
over. This indiates another way in whih Proposition 3.1 ould be proved. We
also see that in general Hom(G,H) will not be homeomorphi to HomI(G,H),
even if I is independent.
The diagram Y an also be used to desribe the map Hom(j,Kn+2) as the map from
the homotopy olimit of Y to the homotopy olimit of the onstant diagram over
Q whih assigns a point to every element. The homotopy olimit of this onstant
diagram is just ∆Q , whih is homeomorphi to Sn . This map is a homotopy
equivalene, beause all YM are ontratible, whih an be seen to be a onsequene
of the independene of the set {0, 2}. This desription is nearer to the proof of
Proposition 3.1 given above. In general the poset Q would have to be replaed by
the fae poset of HomS(G,H). The situation in this example is speial, beause
P2 is bipartite.
Homeomorphisms. We examine situations in whih the omplexes Hom(G,Kn)
and HomI(G,Kn) are indeed homeomorphi. The independene omplex of G
(Denition 2.2) plays an important role in reognising these situations.
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Figure 3. Hom{1}(P2,K3)
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Figure 4. Hom(P2,K3)
3.5. Lemma. Let G be a graph, n ∈ N, and S ( V (G) an independent set. We
dene subsets Av of ind(G) for all v ∈ V (G) by
Av := {I ∈ ind(G) : v ∈ I}
and similarly
Bv :=
{
{I ∈ ind(G\S) : v ∈ I} , v /∈ S
{I ∈ ind(G\S) : I ∪ {v} ∈ ind(G)} , v ∈ S.
If there is a homeomorphism h : |∆(ind(G))| → |∆(ind(G\S))| with h[|∆(Av)|] =
|∆(Bv)| for all v ∈ V (G), then Hom(G,Kn) ≈ HomS(G,Kn).
Proof. We look at Hom(G,Kn) one olour at a time instead of one vertex at a
time. The map
γ : F Hom(G,Kn)→
∏
c∈V (Kn)
ind(G)
ϕ 7→ ({u ∈ V (G) : c ∈ ϕ(u)})c
is a well-dened poset embedding. Hene Hom(G,Kn) is homeomorphi to the
order omplex of the image of γ . The poset ind(G)V (Kn) desribes multiolourings
without the ondition that eah vertex has to obtain at least one olour. Spelling
out this additional ondition yields
im γ =
⋂
v∈V (G)
⋃
d∈V (Kn)
∏
c∈V (Kn)
{
Av, c = d
ind(G), c 6= d.
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B2{4}
{1}
{3}
Ø
{5}
{2}
{1, 3} {3, 5}
{2, 5}
{2, 4}
{1, 4}
{1} Ø {5}
{3}
{1, 3} {3, 5}
B4
B1 B5
B3
A3
A5
A2
A4
A1
∆ ind(C5) ∆ ind(C5\ {2, 4})
Figure 5. ∆(indC5) vs. ∆(ind(C5\ {2, 4}))
Sine the Av are losed from above, the operation of taking the order omplex
ommutes with all onstrutions appearing in this equation, and
Hom(G,Kn) ≈
⋂
v∈V (G)
⋃
d∈V (Kn)
∏
c∈V (Kn)
{
∆(Av), c = d
∆(ind(G)), c 6= d.
follows. In the same way F Hom(G\S,Kn) embeds in ind(G\S)
V (Kn)
.
HomS(G,Kn) is distinguished in this embedding by the ondition that for every
vertex in S one of the olours is not used by any of its neighbours. Sine Bv is
losed from above for v ∈ S and losed from below for v /∈ S , the above argument
an be repeated to obtain
HomS(G,Kn) ≈
⋂
v∈V (G)
⋃
d∈V (Kn)
∏
c∈V (Kn)
{
∆(Bv), c = d
∆(ind(G\S)), c 6= d.
It is now obvious how the homeomorphism h indues a homeomorphism
Hom(G,Kn) ≈ HomS(G,Kn). 
Continuing Example 3.3 we give a quite trivial appliation of the Lemma.
3.6. Example. We onsider the inlusion i : K1 → K2 . ind(K2) = {Ø, {0} , {1}},
hene ∆(ind(K2)) is homeomorphi to an interval. The two points of the boundary
are ∆({{0}}) = ∆(A0) and ∆({{1}}) = ∆(A1). On the other hand ind(K1) =
{Ø, {0}} , so ∆(ind(K1)) is also homeomorphi to an interval. The boundary points
are ∆({{0}}) = ∆(B0) and ∆({{1}}) = ∆(B1). Thus the Lemma is appliable,
and Hom(K2,Kn+2) ≈ Hom{1}(K2,Kn+2). The latter omplex is the boundary of
an (n+ 1)-simplex. This gives yet another proof of Hom(K2,Kn+2) ≈ S
n
.
3.7. Example. The Lemma annot be applied to the restrition maps onsid-
ered in Example 3.4 as we have seen there. Indeed ∆(ind(P2)) is not homeo-
morphi to ∆(ind(K1)), ∆(ind(K2)), or ∆(ind(P2\ {1})). ind(P2) has the max-
imal elements {1} and {0, 2} and hene is not a pure omplex. As we have seen
∆(ind(K1)) and ∆(ind(K2)) are intervals. ind(P2\ {1}) ∼= ind(K1)× ind(K1) and
hene ∆(ind(P2\ {1})) is homeomorphi to a 2-disk.
A less trivial example and our main reason for this investigation.
3.8. Example. We onsider {2, 4} ⊂ V (C5). Figure 5 shows that Lemma 3.5 an
be applied and hene Hom(C5,Kn+2) ≈ Hom{2,4}(C5,Kn+2).
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Manifolds. In the two examples we have just seen where Hom(G,Kn) ≈
HomI(G,Kn) for a non-empty independent set I and all n the independene om-
plex Ind(G) is a sphere, Ind(K2) ≈ S
0
and Ind(C5) ≈ S
1
. This is what makes
Hom(G,Kn) a manifold in these ases. Complexes Hom(G,Kn) that are mani-
folds have been investigated in [CL05℄. We show that for these Hom(G,Kn) ≈
HomI(G,Kn) always holds.
3.9. Theorem ([CL05℄). Let G be a graph. The following statements are equivalent.
(i) Ind(G) is a pl-sphere.
(ii) Hom(G,Kn) is a pl-manifold for all n.
(iii) Hom(G,Kχ(G)+1) is a pl-manifold.
If these statements hold, then dimHom(G,Kn) = n(dim Ind(G) + 1)− |V (G)|.
We repeat the proof from [CL05℄, sine we will afterwards build upon the ideas
used in it.
Proof. Let ϕ ∈ F Hom(G,Kn). For every k ∈ V (Kn) the ell ϕ determines an
independent set {v ∈ V (G) : k ∈ ϕ(v)} and hene a simplex σk of Ind(G), where
we allow the empty simplex. The link of ϕ in Hom(G,Kn) is homeomorphi to
the join of the links of the σk in Ind(G). If Ind(G) ≈ S
m
, then the link of σk is
an (m− 1− |σk|)-sphere, and the link of ϕ is a sphere of dimension
n−1+
∑
k
(m−1−|σk|) = n(m+1)−1−n−
∑
k
|σk| = n(m+1)−#(V (G))−1−|ϕ|,
so Hom(G,Kn) is a manifold of dimension n(m+1)−#(V (G)). If n > χ(G) then
there is a ell ϕ for whih the empty simplex is among the σk , so the link of ϕ is
a join of spaes of whih one is Ind(G). For the join to be a sphere it is neessary
for Ind(G) to be a sphere, see [RS82, 2.24(5)℄. 
We will want to apply Lemma 3.5 in this ase and therefore start examining the
relationship between Ind(G) and Ind(G\S).
3.10. Lemma. Let G be a graph and S ⊂ V (G) a non-empty independent set. Then
Ind(G\S) is the omplement of the interior of the simpliial neighbourhood of the
simplex S in Ind(G). If Ind(G) is a pl-manifold, then this simpliial neighbourhood
is a regular neighbourhood. Hene if Ind(G) ≈ Sn then Ind(G\S) ≈ Dn .
Proof. We only have to show that the simpliial neighbourhood of S is a regular
neighbourhood if Ind(G) is a manifold. We assume that Ind(G) is an n-manifold.
The simpliial neighbourhood of the simplex S onsists of all I ∈ ind(G)\ {Ø} suh
that there exists a v ∈ S suh that I ∪ {v} ∈ Ind(G). Its boundary onsists of
those I for whih additionally I ∩ S = Ø. By Theorem 2.7 it will be suient to
show that the simpliial neighbourhood is a manifold with boundary, the boundary
being as just desribed. To prove this we take a simplex I in the boundary and
examine its link. Its link in Ind(G) an be identied with Ind(G′) where G′ is the
graph obtained from G by deleting the verties in I and all of their neighbours and
is an (n − #I)-sphere, sine Ind(G) is an n-manifold. We set S′ := S ∩ V (G′).
Sine I is a simplex of the simpliial neighbourhood of S , S′ is non-empty. In
the link of I the boundary of the simpliial neighbourhood of S orresponds to the
simpliial neighbourhood of S′ in Ind(G′), whih is an unlinked (n−1−#I)-sphere
by indution. 
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3.11. Remark. Sine Ind(G) determines G, it is easy to desribe, whih simpliial
omplexes are independene omplexes of graphs. These are the ag simpliial
omplexes. The preeding Lemma an therefore be viewed as a statement on ag
omplexes.
3.12. Lemma. Let G be a graph, n ∈ N, and S ( V (G) an independent set. If
Ind(G) is a pl-sphere, then Hom(G,Kn) ≈ HomS(G,Kn).
Proof. We want to apply Lemma 3.5 and use the notation introdued there. Let
m := dim Ind(G). ∆(ind(G)) is a one over Ind(G), therefore an (m+1)-ball, and
Av is the star of v in the baryentri subdivision of Ind(G), i.e. the ell of the dual
omplex whih is dual to v . We will now desribe ∆(ind(G\S)).
If S 6= Ø, then we have seen in the preeding Lemma that Ind(G\S) is an m-ball.
This ball is overed by the sets ∆(Bv) with v ∈ V (G)\S . The boundary of this
ball onsists of the simplies I for whih there exists a v ∈ S suh that I ∪ {v}
is independent. Therefore the sets ∆(Bv) with v ∈ S over the one over this
boundary in ∆(ind(G\S)). It follows that ∆(ind(G\S)) is an (m + 1)-ball and
that the sets ∆(Bv) for all v ∈ V (G) over the boundary of this ball. The last
statement is also true if S = Ø, and we will from here on allow this ase in order
to failitate indutive arguments.
For M ∈ ind(G)\ {Ø} we set
CM := {I ∈ ind(G\S) : M\S ⊂ I , I ∪M ∈ ind(G)} .
Then Bv = C{v} , and we have ∆(CM ) ∩∆(CN ) = ∆(CM∪N ), if M ∪N is inde-
pendent, and CM ∩CN = Ø otherwise.
Let M ∈ ind(G)\ {Ø} and let G′ be the graph obtained from G by removing all
verties in M and their neighbours. As seen in the proof of the preeding Lemma,
Ind(G′) is homeomorphi to the link of M in Ind(G) and hene an (m − #M)-
sphere. Let S′ := S ∩ V (G′). The map
CM → ind(G
′\S′)
I 7→ I\M
is an isomorphism and for N )M it maps CN to
{I ∈ ind(G′\S′) : (N\M)\S ⊂ I , I ∪ (N\M) ∈ ind(G′)} .
Therefore by indution ∆(CM ) is an (m− |M |)-ball and its boundary is the union
of the ∆(CN ) for N )M .
This shows that the sets ∆(CM ) form a ell-deomposition of the boundary of
∆(ind(G\S)) that has a fae poset that is isomorphi to the fae poset of the
dual omplex of the simpliial omplex Ind(G). This yields a homeomorphism
from the boundary of the ball ∆(ind(G)) to the boundary of the ball ∆(ind(G\S))
that arries ∆(Av) to ∆(Bv) for every v ∈ V (G). This homeomorphism an be
extended to a homeomorphism between balls and Lemma 3.5 an be applied. 
4. Subdivisions and diagonal approximations
We examine several onstrutions that our naturally in the study of homomor-
phism omplexes of graphs, although they will not be mentioned in this setion.
All posets in this setion are assumed to be nite.
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Edge subdivision. For an ordered simpliial omplex there is a subdivision that
introdues a vertex for every edge, whih is why we will all it its edge subdivision.
For an order omplex of a poset, it is the order omplex of the interval poset. It
has been rst desribed in [Wal88℄. In onnetion with graph omplexes it has been
used in [iv05℄.
4.1. Denition and Proposition. For a poset P we dene the losed inter-
val poset of P to be the subposet of P × P o onsisting of all (p, qo) with p ≤ q
and denote it by IntP . Int is a funtor from posets to posets. ∆(IntP ) is a
subdivision of ∆P . More preisely, hoosing a point xp,q in the interior of the
simplex 〈p, q〉 of ∆P for every pair (p, q) with p < q determines a unique map
|∆(IntP )| → |∆P | whih sends (p, po) to p, (p, qo) to xp,q for p < q , and is ane
on simplies, and this map is a homeomorphism. In partiular for 0 < λ < 1 we
dene hλP : |∆IntP | → |∆P | by hoosing xp,q as λp + (1 − λ)q . h
λ
is a natural
equivalene from P 7→ |∆IntP | to P 7→ |∆P |. We abbreviate h
1/2
P as hP . All
hoies of xp,q yield isotopi maps, and any suh map is homotopi to eah of the
two maps ∆(IntP )→ ∆P given by (p, qo) 7→ p or (p, qo) 7→ q .
Proof. To see that ∆(IntP ) is a subdivision of ∆P one either heks diretly
that the map |∆(IntP )| → |∆P | is bijetive as in [Wal88℄, or one uses that
for a simplex with verties p0 < p1 < · · · < pr the poset Int {p0, . . . , pr} has
the minimum (p0, p
o
r) and the elements (p0, q
o) and (q′, por) are omparable only
if one of them equals this minimum. Hene ∆(Int {p0, . . . , pr}) is a one over
∆(Int {p0, . . . , pr−1}) ∪∆(Int {p1, . . . , pr}), whih yields a reursive desription of
the subdivision. To onnet subdivision maps for dierent hoies of xp,q by an
isotopy, one moves the points xp,q . The homotopies are onstruted by extending
the denition of hλP to λ = 0 and λ = 1 . 
4.2. Remark. (p0, q
o
0) ≤ (p1, q
o
1) ⇐⇒ [p0, q0] ⊃ [p1, q1] , hene the name interval
poset.
For illustration we use this subdivision to prove a simple Lemma, whih is quite
speialised but useful in the proof of Proposition 3.1.
4.3. Lemma. Let P,Q be posets, a : P → Q an antitone map, and
R := {(p, q) ∈ P ×Q : q ≤ a(p)} .
Assume that any two elements of Q having a ommon upper bound have a unique
least upper bound. Then the map ∆(R) → ∆(P ) indued by projetion onto the
rst fator is a homotopy equivalene.
Proof. We dene monotone maps pi : R → P , (p, q) 7→ p and σ : IntP → R ,
(p0, p
o
1) 7→ (p0, a(p1)). Then (pi ◦ σ)(p0, p
o
1) = p0 , so |pi| ◦ |σ| ≃ hP . Also
(σ ◦ Intpi)((p0, q0), (p
o
1, q
o
1)) = (p0, a(p1)) ≤ (p0, a(p1) ∨ q0) ≥ (p0, q0)
and, sine ((p0, q0), (p
o
1, q
o
1)) 7→ (p0, a(p1) ∨ q0) is a well-dened monotone map,
|σ| ◦ h−1P ◦ |pi| ◦ hR ≃ hR . Thus |σ| ◦ h
−1
P is homotopy inverse to |pi| . 
4.4. Remark. In the proof the hain poset of P would have worked equally well,
but the interval poset seems more natural. Also we will see that iterated interval
posets are easier to desribe than iterated hain posets.
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Diagonal approximation. By onstrution the edge subdivision of ∆P is a sub-
omplex of ∆(P × P o) ≈ ∆P × ∆P . It an be viewed as a substitute for the
diagonal, that is not a subomplex of ∆(P × P o).
4.5. Proposition. Let P be a poset and o : ∆P → ∆P o denote the homeomorphism
indued by p 7→ po . Then the diagonal map ∆(IntP )
hP−−→ ∆P
(id,∆o)
−−−−→ ∆P ×∆P o
is isotopi to the map ∆(IntP )→ ∆(P × P o) ≈ ∆P ×∆P o indued by inlusion.
Proof. For 0 ≤ λ ≤ 1 we onsider the map (hλP ,∆o◦h
1−λ
P ) : ∆(IntP )→ ∆P×∆P
o
.
For λ = 1 this map agrees with the map indued by inlusion and is hene an
embedding. For 0 < λ < 1 both omponents are homeomorphism, so it is also an
embedding. For λ = 12 the map agrees with the diagonal map. 
Iterated and generalised edge subdivisions. Iterating the intervall poset on-
strution yields again easy to desribe posets.
4.6. Proposition. Let P be a poset. The map
Int(IntP )→ {(p, qo, r, so) ∈ P × P o × P × P o : p ≤ q ≤ r ≤ s}
((x, yo), (u, vo)o) 7→ (x, uo, v, yo)
is an isomorphism of posets. 
This isomorphism makes it natural to expet that
∆ {(p, qo, r) ∈ P × P o × P : p ≤ q ≤ r} would also be a subdivision of ∆P ,
and we will onrm this in the next Proposition. It also indiates another
onnetion between ∆(Int(IntP )) and ∆(IntP ) than the rst being the edge
subdivision of the seond. We therefore take a loser look at the omplex ∆IntP .
An r -simplex of ∆IntP is of the form (p0, q
o
0) < · · · < (pr, q
o
r). This implies
p0 ≤ p1 ≤ · · · ≤ pr ≤ qr ≤ qr−1 ≤ · · · ≤ q0 . Hene the simplex is ontained
in ∆({pi} × {q
o
j}) and max {pi} ≤ min{qj} . On the other hand for hains p0 <
· · · < pr and q0 < · · · < qs with pr ≤ q0 the subset {pi} × {q
o
i } of P × P
o
is ontained in IntP . ∆({pi} × {q
o
i }) is the produt of an r -simplex and an s-
simplex and its image under hP : |∆IntP | → |∆P | is ontained in the simplex
∆({pi} ∪ {qj}). Thus the sub-omplex of the ell-omplex ∆P ×∆P onsisting of
all ells 〈p0, . . . , pr〉 × 〈q0, . . . , qs〉 with max {pi} ≤ min{qj} is isomomorphi to a
ell-subdivision of ∆P , and it has ∆IntP as a simpliial subdivision. It follows that
any subdivision of ∆P ×∆P leads to a subdivision of ∆P . In partiular ∆IntP
arises in this way by subdividing ∆P ×∆P as ∆(P ×P o), and ∆(Int(IntP )) arises
by subdividing ∆P ×∆P as ∆(IntP × IntP ). On the other hand, the subdivision
of ∆P obtained in this way by triangulating ∆P ×∆P as ∆(P × P ) is not a full
subomplex of ∆(P × P ), whih underlines the usefulness of the interval poset.
4.7. Proposition. Let P be a poset. There is a ommutative diagram
|∆IntP | // |∆(P × P o)|
|∆ {(p, qo, r) ∈ P × P o × P : p ≤ q ≤ r}| //
≈
OO
|∆(IntP × P )|
≈
OO
with the horizontal arrows indued by inlusion and the vertial arrows homeomor-
phisms.
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Proof. ∆(IntP × P ) is a subdivision of ∆P × ∆P . Aording to the preeding
disussion we only have to hek that ∆ {(p, qo, r) ∈ IntP × P : q ≤ r} is the orret
subomplex. Let (p0, q
o
0 , r0) < · · · < (pk, q
o
k, rk) be a hain in IntP × P . The
smallest ell of ∆P×∆P that ontains it is ∆({pi}∪{qi})×∆ {ri}. Now max({pi}∪
{qi}) = q0 , min{ri} = r0 , and q0 ≤ r0 if and only if qi = ri for all i . 
4.8. Remark. While ∆IntP is a subdivision of ∆P and hene, as we have used,
∆(IntP × P ) and ∆(P × P o) are both subdivisions of ∆P × ∆P , the omplex
∆(IntP × P ) is not a subdivision of ∆(P × P o).
Manifolds. In general there is no ambient isotopy from the inlusion map
∆(IntP ) → ∆(P × P o) to the diagonal map, as the ase where ∆P is a simplex
shows. If ∆P is a manifold however, then there is one.
4.9. Proposition. Let P be a poset suh that ∆P is a pl-triangulation of a ompat
manifold Mn . Then the isotopy from Proposition 4.5 is ambient.
The tehnial part of the following proof is needed only for n = 2 . In Theorem 5.2
this ase is used for Hom(C5,K4) ≈ RP
3
, whih has already been proved in [CL05℄.
Proof. The odimension of M in M×M equals n . Sine any isotopy in odimension
at least 3 is ambient ([Zee63℄, see also [RS82, 7.3℄) and a simple drawing (Figure 6)
should onvine the reader of the truth of the Proposition for n = 1 , we will spell
out the details only for n = 2 .
Let n = 2 . We will onstrut a sequene of subpolyhedra of M × M , the rst
one being the diagonal, the last one being ∆(IntP ), suh that for any onseutive
pair there is an isotopy of M ×M whih is equal to the identity outside a small
neighbourhood of a 4-ell of the form σ × σ with σ a simplex of ∆P and arries
one polyhedron into the other. Eah of these subpolyhedra will be of the following
form. For p0 < p1 < p2 , pi ∈ P , it will ontain either the diagonal of 〈p0, p1, p2〉 ×
〈p0, p1, p2〉 or ∆(Int {p0, p1, p2}), i.e. the union of the simplies 〈p0〉 × 〈p0, p1, p2〉,
〈p0, p1〉 × 〈p1, p2〉, and 〈p0, p1, p2〉 × 〈p2〉. Additionally, for p0 < p1 suh that for
exatly one of the two 2-simplies adjaent to 〈p0, p1〉 the polyhedron ontains the
orresponding part of the diagonal, the simplex 〈(p0, p0), (p0, p1), (p1, p1)〉 will be
inluded. Now assume we are given two suh subpolyhedra Q0 , Q1 whih dier
only for the hoie for the simplex 〈p0, p1, p2〉. We assume that Q0 agrees on
D := 〈p0, p1, p2〉 × 〈p0, p1, p2〉 with the diagonal, and that we know by indution
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Figure 7. The ell-omplex with fae poset IntM .
that Q0 is a loally at submanifold of M ×M . Let N be a small losed regular
neighbourhood of D . It sues to show that both (N,N ∩Qi) are unknotted ball
pairs, beause there is then an isotopy of N whih is onstant on the boundary of
N and moves N × Q0 to N × Q1 [RS82, 4.4, 3.22(i)℄, and that an be extended
to M ×M by the identity. Sine Q0 is a submanifold and we will see that D ∩Q0
is a 2-ball with boundary Q0\D , we know that if N is hosen small enough, then
(N,N ∩ Qi) is homeomorphi to (D,D ∩ Qi) with an external ollar attahed to
(dD,Q0\D). Sine Qi is ontained in the union of all ells of the form σ × σ
with σ a simplex of ∆P and the intersetion of two of these is either empty or
also of this form, Q0\D is the union of either 〈pi〉 × 〈pi, pj〉 ∪ 〈pi, pj〉 × 〈pj〉 or
〈(pi, pi), (pj , pj)〉for every pair i < j . D ∩Qi is a two ball with boundary Q0\D .
D∩Q0 onsists of 〈(p0, p0), (p1, p1), (p2, p2)〉 plus simplies 〈(pi, pi), (pi, pj), (pj , pj)〉
as needed. D ∩ Q1 onsists of ∆(Int {p0, p1, p2}) plus the remaining simplies of
the form 〈(pi, pi), (pi, pj), (pj , pj)〉. It an therefore be heked without further
knowledge about M that (N,N ∩ Qi) is an unknotted (4, 2)-ball pair for i ∈
{0, 1}. 
If P is the fae poset of a manifold M , then there is another useful way to see
∆(IntP ), whih is the edge subdivision of the baryentri subdividion of M , as
a subdivision of a ell-omplex. In this ase P o is the fae poset of the dual ell-
omplex Mo , and hene P ×P o is the fae poset of M ×Mo . ∆(IntP ) is then the
baryentri subdivision of a subomplex of M ×Mo , namely the subomplex of all
ells σ × τo , where τ is a simplex of M , τo its dual ell, and σ a fae of τ . The
maximal ells are those with σ = τ . Thus ∆(IntP ) is the baryentri subdivision
of a ell-omplex whih is homeomorphi to M and ontains a faet for every fae
of M . Figure 7 shows this ell-omplex for a part of a manifold. Figure 6 shows
it as a subomplex of M ×Mo , where M is the boundary of a 2-simplex.
4.10. Proposition. Let P be the fae poset of a pl-triangulation of a ompat
manifold Mn . Let N,B ⊂ P o × IntP be given by
N := {(po, q, ro) : q ≤ r, p ∩ r 6= Ø} ,
B := {(po, q, ro) : q ≤ r, p ∩ r 6= Ø, p 6≤ q} ,
where notationally identied elements of P with sets of verties. Then ∆N is a
2n-dimensional manifold with boundary ∆B .
Proof. Let s = (po, q, ro) ∈ P o × IntP . Then ∆ {t ∈ P o × IntP : t < s} ≈
S2n−|p|−|r|+q−1 . So P o × IntP is the fae poset of a ell omplex with N and B
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Figure 8. The situation of Propositions 4.10 and 4.12 for M = d∆2 .
orresponding to subomplexes, and it will be suient to desribe the links of ells
of this omplex. We dene
lk(s) := {t ∈ P o × IntP : t > s} ,
lk+(s) := {(uo, v, wo) ∈ lk(s) : u ∩ w 6= Ø} ,
lk−(s) := {(uo, v, wo) ∈ lk(s) : u 6⊂ v} .
For s ∈ N we will have to show that
(2) (∆ lk(s);∆ lk+(s), lk−(s)) ≈
{
(Sd−1; Sd−1,Ø), s ∈ N\B
(Sd−1;Dd−1+ ,D
d−1
− ), s ∈ B
with d = |r| − |q|+ |p| .
To be able to approah this indutively, we onsider the link of s in a diretion given
by a set A of verties. For A ⊂ p ∪ r , we make the following auxiliary denitions.
lkA(s) :=
{
(uo, v, wo) ∈ Pˆ o × IntP : (uo, v, wo) > s, u△p ⊂ A, v△q ⊂ A, w△r ⊂ A
}
,
lk+A(s) := {(u
o, v, wo) ∈ lkA(s) : u ∩ w ∩ A 6= Ø} ,
lk−A(s) := {(u
o, v, wo) ∈ lkA(s) : u ∩ A 6⊂ v} .
Here Pˆ is P with a minimum, the empty simplex, added, and u∆p denotes the
symmetri dierene (u ∪ p)\(u ∩ p).
For A ∩B = Ø we have
(∆ lkA∪B(s);∆ lk
+
A∪B(s),∆ lk
−
A∪B(s)) ≈(∆ lkA(s) ∗∆ lkB(s);
∆ lk+A(s) ∗∆ lkB(s) ∪∆ lkA(s) ∗∆ lk
+
B(s),
∆ lk−A(s) ∗∆ lkB(s) ∪∆ lkA(s) ∗∆ lk
−
B(s)).
(3)
However, for this to be orret, are has to be taken with regard to empty sets.
We distinguish between the void omplex Ø with X ∗ Ø = Ø and the empty
omplex S−1 with X ∗ S−1 = X , whih is onsistent with X ∗ Sk−1 being the
k -fold suspension of X . We set ∆ lk+A(s) = Ø, if and only if A ∩ p ∩ r = Ø. The
justiation for this is that we regard s as the tip of a one over lkA(s) and want
s to be in the one over lk+A(s) only if A ∩ p ∩ r 6= Ø. In the same way we set
lk−A(s) = Ø if and only if A ∩ p ⊂ q .
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With these onventions we obtain for x ∈ p ∪ (r\q):
(4) (∆ lk{x}(s);∆ lk
+
{x}(s),∆ lk
−
{x}(s)) ≈


(S0,Ø,Ø), x /∈ p,
(D0, S−1,Ø), x ∈ p ∩ q,
(D0,Ø, S−1), x ∈ p\r,
(D1, {1} , {−1}), x ∈ p ∩ (r\q).
We take a look only at the most interesting ase. For x ∈ p ∩ (r\q) we have
(5) lk{x}(s) =
{
(po, q ∪ {x} , ro), ((p\ {x})o, q ∪ {x} , ro),
((p\ {x})o, q, ro), ((p\ {x})o, q, (r\ {x})o), (po, q, (r\ {x})o)
}
with two elements omparable if and only if they are written next to eah other.
Hene ∆ lk{x}(s) is an interval with boundary points lk
+
{x}(s) = {(p
o, q ∪ {x} , ro)}
and lk−{x}(s) = {(p
o, q, (r\ {x})o)} .
From (4) one derives indutively using (3):
(6)
(∆ lkA(s);∆ lk
+
A(s),∆ lk
−
A(s)) ≈


(SdA ,Ø,Ø), A ∩ p = Ø,
(DdA , SdA−1,Ø), Ø 6= A ∩ p ⊂ q,
(DdA ,Ø, SdA−1), A ∩ p 6= 0, A ∩ p ∩ r = Ø,
(DdA ,DdA−1+ ,D
dA−1
− ), A ∩ p ∩ r 6= Ø, A ∩ p 6⊂ q
with dA = #(A∩(r\q))+#(A∩p)−1 . Sine lk
+(s) = lk+p∪r(s), lk
−(s) = lk−p∪r(s),
lk(s) = lk+(s) ∪ lk−(s), the rst ase of (2) follows from the seond ase of (6),
while the seond ase of (2) follows from the last ase of (6). 
4.11. Remark. The above Proposition will be used in the proof of Theorem 5.2
to show that Hom{2,4}(C5,Kn+2) is the boundary of a regular neighbourhood of
∆ {ϕ ∈ F Hom(C5\ {2, 4} ,Kn+2) : Cϕ(3) ⊂ ϕ(1)}. The proof of this speial ase
would require exatly the same alulation, although the notation might possibly
be more luid. Indeed, the poset in (5) would beome ind(C5\ {2, 4})\ {Ø}.
4.12. Proposition. Let P be the fae poset of a pl-triangulation of a ompat
manifold Mn . Let B ⊂ P o × P × P o be given by
B := {(po, q, ro) : q ≤ r, p ∩ r 6= Ø, p 6≤ q} .
Then ∆B is homeomorphi to the boundary of a regular neighbourhood of the di-
agonal in M ×M .
Proof. We take up the notation of Proposition 4.10 and onsider B as a subset of
P o×IntP . We also dene D := {(po, q, ro) ∈ P o × IntP : p ≤ q}. D is losed from
above and hene ∆D is a full subomplex of ∆(P o×IntP ). (∆N,∆B) is the simpli-
ial neighbourhood of ∆D . By Proposition 4.10 ∆N is a manifold with boundary
∆B and hene a regular neighbourhood of ∆D by the Simpliial Neighbourhood
Theorem 2.7. By Proposition 4.7 and Proposition 4.9 ∆D ⊂ ∆(P o × IntP ) is
ambiently isotopi to the diagonal in M ×M . 
5. Hom(C5,Kn+2)
We ome bak to our main objet of study and ollet the relevant results of the
two preeding setions. First we an replae Hom(C5,Kn+2) by a smaller omplex.
5.1. Proposition. Let n ≥ 0 and onsider {2, 4} ⊂ V (C5). With the notation of
Denition 3.1 we have Hom(C5,Kn+2) ≈ Hom{2,4}(C5,Kn+2).
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Proof. Sine the independene omplex of C5 is also a 5-gon, this follows from
Lemma 3.12. Alternatively it is easily heked diretly that the preondition of
Lemma 3.5 is satised, and we have done so in Example 3.8. 
The graph C5\ {2, 4} onsists of an edge and an isolated vertex, and hene
Hom(C5\ {2, 4} ,Kn+2) ≈ Hom(K2,Kn+2)×Hom(K1,Kn+2) ≈ S
n × Dn+1.
In Setion 4 we have developed the tehniques to desribe the subomplex
Hom{2,4}(C5,Kn+2).
5.2. Theorem. Let n ≥ 0. Then Hom(C5,Kn+2) is homeomorphi to the Stiefel
manifold {(x, y) ∈ Sn × Sn : 〈x, y〉 = 0}.
Proof. We examine Hom{2,4}(C5,Kn+2). The fae poset of this omplex is{
ϕ : {1, 3, 5} → P(V (Kn+2))\ {Ø} :
ϕ(3) ∩ ϕ(5) = Ø, C(ϕ(1) ∪ ϕ(3)) 6= Ø, C(ϕ(5) ∪ ϕ(3)) 6= Ø
}
.
The rst ondition omes from the edge {1, 5}, the seond one ensures that ϕ an
be extended to the vertex 2 , the last one that it an be extended to 4 . If we dene
P to be the poset P := P(V (Kn+2))\ {Ø, V (Kn+2)} then it follows that the map
F Hom{2,4}(C5,Kn+2)→ {(p
o, q, ro) ∈ P o × P × P o : q ≤ r, p 6≤ q, p ∩ r 6= Ø}
ϕ 7→ (Cϕ(3), ϕ(1), Cϕ(5))
(7)
is an isomorphism. Sine P is the fae poset of the boundary of an (n + 1)-
simplex, it follows from Proposition 4.12 that Hom{2,4}(C5,Kn+2) is homeomor-
phi to the boundary of a regular neighbourhood of the diagonal in Sn×Sn . Regular
neighbourhoods are unique up to isotopy and {(x, y) ∈ Sn × Sn : 〈x, y〉 = 0} is the
boundary of the regular neighbourhood {(x, y) ∈ Sn × Sn : 〈x, y〉 ≥ 0} of the diag-
onal {(x, x) ∈ Sn × Sn}. 
Involutions. For the theorem of Babson and Kozlov mentioned in the introdu-
tion, the Z2 -ation on Hom(C2r+1,Kn+2) indued by an automorphism of C2r+1
that ips an edge is important. In [Cso05℄ the onjeture that Hom(C5,Kn+2) ≈{
(x, y) ∈ (Sn)2 : 〈x, y〉 = 0
}
is strengthened to a onjeture that there is a home-
omorphism that takes the Z2 -ation on Hom(C5,Kn+2) to the ation given by
(x, y) 7→ (x,−y). In [Sh05℄ it was shown and used that there is an equivari-
ant map between these spaes. This is essentially the map h that will appear in
Theorem 5.4. We examine the onstrutions presented in this work more losely to
show a homotopy version of the equivariant onjeture.
First we strengthen Proposition 4.12.
5.3. Proposition. In the situation of Proposition 4.10, (∆N,∆B) is a regular
neighbourhood of the diagonal in M ×M .
Proof. In Proposition 4.12 we have seen that ∆N is a regular neighbourhood of
the subspae ∆D onsidered there and that there is an ambient isotopy moving
∆D to the diagonal. We will now show that this isotopy an be hosen to be the
identity outside of ∆N\∆B .
The image of the isotopy onstruted in the proof of Proposition 4.5 is ontained
in the union of the ells σ × σ for simplies σ of ∆P . We all this union the fat
diagonal. Also every point in the image of the isotopy is ontained in the interior
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of one ell of the fat diagonal or in ∆(IntP ). The omplex ∆(P o × IntP ) of
Proposition 4.10 is a subdivision of ∆P ×∆P as disussed in Proposition 4.7. The
subomplex ∆N is ontained in the fat diagonal, and no simplex of ∆B meets the
interior of a ell of the fat diagonal. This proves the Proposition. 
5.4. Theorem. Let ϕ be an involution on Hom(C5,Kn+2) indued by an auto-
morphism of C5 that ips an edge. Let V := {(x, y) ∈ S
n × Sn : 〈x, y〉 = 0} and
ψ : V → V be the involution ϕ(x, y) = (x,−y). Then the following statements
hold.
(i) There is a homeomorphism g : Hom(C5,Kn+2)
≈
−→ V with ψ ◦ g ≃ g ◦ ϕ.
(ii) There is a homotopy equivalene h : Hom(C5,Kn+2)
≃
−→ V with ψ ◦ h =
h ◦ ϕ.
Proof. Let us onsider the automorphism of C5 given by j 7→ 6 − j . Figure 5
shows that the homeomorphism Hom(C5,Kn+2) ≈ Hom{2,4}(C5,Kn+2) an be
hosen to respet the indued involutions. In (7), Hom{2,4}(C5,Kn+2) is identied
with a subspae of ∆(P o× IntP ) where P is the fae poset of the boundary of the
(n+1)-simplex. This identiation is ompatible with the involution on P o× IntP
given by (po, q, ro) 7→ (po, a(r), a(q)o) where a is the map sending a fae to the fae
opposite to it. On Sn×Sn ≈ ∆(P o×IntP ) this map indues the identity on the rst
fator and the antipodal map on the seond, and we will from now on onsider the
involution (x, y) 7→ (x,−y) on Sn × Sn . By Proposition 5.3, Hom{2,4}(C5,Kn+2)
is the boundary of a regular neighbourhood of the diagonal in Sn×Sn . The same is
true of V , and for both spaes the involution on Sn×Sn exhanges the omponents
of their omplements. We dene involutions
Φ: [−1, 1]×Hom(C5,Kn+2)→ [−1, 1]×Hom(C5,Kn+2),
(t, x) 7→ (−t, ϕ(x)),
and
Ψ: [−1, 1]× V → [−1, 1]× V,
(t, x) 7→ (−t, ψ(x)).
A struture of regular neighbourhood of the diagonal with boundary V denes for
ε > 0 small enough an equivariant embedding of [−1, 1]×V in Sn×Sn whih sends
{−1} × V to the boundary of the ε-neighbourhood of the diagonal and {0} × V
to V . Analogously and additionallly using the homeomorphism Hom(C5,Kn+2) ≈
Hom{2,4}(C5,Kn+2), we obtain an embedding of [−1, 1]×Hom(C5,Kn+2) with the
same image. This yields homeomorphisms
H : [−1, 1]×Hom(C5,Kn+2)
≈
−→ [−1, 1]× V,
g : Hom(C5,Kn+2)
≈
−→ V
with
H(−1, x) = (−1, g(x)) for all x,
H ◦ Φ = Ψ ◦H.
It follows that
H(1, x) = Ψ(H(−1, ϕ(x))) = Ψ(−1, g(ϕ(x))) = (1, ψ(g(ϕ(x)))).
Therefore, if we denote by pV : [−1, 1]× V → V the projetion, then pV ◦H is a
homotopy between g and ψ ◦ g ◦ ϕ, whih proves the rst statement. If we dene
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h(x) := pV (H(0, x)), then h ≃ g , sine g(x) = pV (H(−1, x)), and therefore h is a
homotopy equivalene. Also
h(ϕ(x)) = pV (H(0, ϕ(x))) = pV (H(Φ(0, x))) = pV (Ψ(H(0, x))) = ψ(pV (H(0, x)))
= ψ(h(x)),
whih proves the seond statement. 
5.5. Remark. The subspaes V and Hom{2,4}(C5,Kn+2) of S
n × Sn are hara-
teristi submanifolds of the involution on Sn × Sn in the language of [LdM71℄. It
might be possible to use the surgery tehniques presented there to show that the in-
dued involutions on them are equivalent, at least for n ≥ 3 when the s-obordism
theorem is available. On the other hand the desription of Hom{2,4}(C5,Kn+2) as
a subpolyhedron of Sn × Sn that we have used is expliit enough to hope that it
might be possible to prove this by a more diret aproah.
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